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To the memory of the late Professor Masayoshi Nagata 

Abstract. This paper is the sequel of the paper (4), in which we established the arith- 
metic volume function of C°°-hertnitian Q-invertible sheaves and proved its continuity. 
The continuity of the volume function has a lot of applications as treated in (3 . In this 
paper, we would like to consider its continuous extension over R. 
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Introduction 

Let X be a d-dimensional projective arithmetic variety. In ||4l, for a C°°-hermitian 
invertible sheaf L on X, we introduce the arithmetic volume vol(L) defined by 

vol(L) := hmsup . 

By Chen's recent work 121, "limsup" in the above equation can be replaced by "lim". 
Moreover, in Q, we construct a positively homogeneous function vol : Pic(X) ®z Q ^ K 
of degree d such that the following diagram is commutative: 




Pic(X) 



The most important result of Q is the continuity of vol : Vic{X) ®z Q ^ K, which has a 
lot of applications as treated in Q. In this paper, we would like to consider its continuous 
extension over K, which is not obvious because a continuous and positively homogeneous 



Date: 6/September/2008, 9:00(Kyoto), (Version 1.0). 

1 



2 



ATSUSHI MORIWAKI 



function on a vector space over Q does not necessarily have a continuous extension over M 
(cf. Example I4TT] ). 

Let C°(X) be the set of real valued continuous functions / on X{€.) with (/) — /, 
where Foo '■ X{C) X{C) is the complex conjugation map on X{C). We denote 
the group of isomorphism classes of continuous hermitian invertible sheaves on X by 
Picpo (X). For details, see Conventions and terminologvfTSl Here we consider four natural 
homomorphisms: 

■O : C°{X) ^ Picco{X) if ^ (Ox,cxp(-/)| • 
C:Prcco(X)^Pic(X) iiL,\-\)^L), 
M:C"(X)®zM^C"(X) {f(E)x^xf), 

. O (g) idR : C-o (X) ®z M ^ Picco (X) ®z R {f (E) x ^ 0{f) «) x) . 

If we define Picco (X)r to be 

Picco{X)M := Picco{X) ®z R/(0 ® idM)(Ker(M)), 
then the above homomorphisms yield a commutative diagram 

C°{X) ° ) Pk:co(X) — ^ Pic(X) > 



C0(X) — ^ V^cco{X)k — ^ Pic(X)®zR . 

with exact horizontal sequences. The purpose of this paper is to prove the following theo- 
rem: 

Theorem A. There is a unique positively homogeneous function vol : Picco(X)i{ —t R 
of degree d with the following properties (cf. Theorem \4A\ ): 

(1) (cf Proposition \4.6i Let {x„}^]^ be a sequence in a finite dimensional real vector 
subspace V ofVicco{X)-R and {/n}^i a sequence in C°(X) such that {xn\'^=i 
converges to x in the usual topology ofV and {/n}^i converges uniformly to f. 
Then 

lim TOl {Xn + 0{fn)) = TOl (X + 0{f)) . 

n^oo 

(2) {cf. Theorem \5.\ \ Let {An\^^i be a sequence in a finitely generated "E-submodule 
M of Picco{X) and {fn}^=i a sequence in C°(X) such that {An ® l/j^j^i 
converges to A in M in the usual topology and {/n/fT-j^i converges uni- 
formly to f. Then 

^™ dJJi vol(7r(A) + 0{f)), 

where tt is the canonical homomorphism Picco (X) (g)^ R — > Picco {X)-jsi and hP 
means the logarithm of the number of small sections (for details, see Conventions 
and terminolosv \16i . 

The composition vol • tt : Pic^o (X) <S)z K Picco (-'^)r K gives an affir- 
mative answer to a continuous extension over R of the arithmetic volume function on 
PiC(7o(X) Q. The last result is a generalization of Chen's theorem (2). This also 
gives an interpretation of the value of vol in terms of h!^. Namely, if we want to evaluate 
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vol(7r(Li (g) ai + • • • + i,. ® a^)) for Li, . . . ,Lr e Picco(X) and oi, . . . , G M, then 
(2) of TheoremlAlsavs 

-^1/ /-r -r ,• h'^(\nai]Li + ■ ■ ■ + \nar]Lr) 

vol(7r(Li (g) ai H \- Lr (E> ar)) = lim u i l n rj 



The most important tool to estabUsh the continuity of vol : Vic{X) (g) Q ^ M was 
the fundamental estimation theorem |4, Theorem 3.1]. Unfortunately, it is insufficient to 
prove a continuous extension of the arithmetic volume function over R. Actually, we need 
the following generahzation of the fundamental estimation theorem as a multi-indexed 
version: 

TheoremB. We assume that X is generically smooth. Let Li, . . . , Lr, Abe C°°-hennitian 
invertible sheaves on X. Then there are positive constants ao, C and D depending only 
on X and Li, . . . , Lr, A such that 

h° (aiLi H h arTr + {b - c)A) 

< hP {a{Li H h a^r,. - cA) 

+ Cb{\ai\ + --- + \ar\f-^ 

+ D (|ai| + • • • + \ar\t^^ log (|ai| + • • • + |a.|) 

for all ai, . . . , ar,b, c Cz Z with 

|ai| + • • • + |a,-| >b>c>0 and |ai | + • • • + |a,.| > cq. 

Using the above estimate, we can show the uniform continuity of vol : Pic^o (X)(3)Q 
R in the following sense; if Li , . . . , Lr are continuous hermitian invertible sheaves on X 
and / : Q'' ^ R is a function given by 

/(Xl, . . . , Xr) = VOl(.TiLi H h XrLr), 

then / is uniformly continuous on any bounded set of Q''. This fact gives us a continuous 
extension of vol over R. 

This paper is organized as follows; In Section 1, we give the proof of the multi-indexed 
version of the fundamental estimation. In Section 2, elementary properties of the arithmetic 
volume function for continuous hermitian Q-invertible sheaves are treated. In Section 3, we 
consider the uniform continuity of the arithmetic volume function over Q. In Section 4, we 
establish a continuous extension of the arithmetic volume function over M. In Section 5, 
we prove that the arithmetic volume function over M can realized as the limit of h'^ of 
continuous hermitian invertible sheaves. 



Conventions and terminology. We use the same conventions and terminology as in H. 
Besides them, we fix the following conventions and terminology for this paper 

10. Let 5 be a set and r a positive integer For x = (a;i, . . . , Xr) G S'^, the i-th entry Xi 
of X is denoted by x{i). We assume that S has an order <. Then, for x,x' G S"^, x < x' 
means that x{i) < x'(i) for all i = 1, . . . , r. 
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1 1 . Let p be a real number with p > I. For x £ C", we set 



|x|, = (|x(l)r + ... + |x(r)r)i 



In particular, |x|i = |x(l)| H h |x(r)| and |x|2 = ^|x(l)p H h |x(r)|2 (cf. g] 

Conventions and terminology 2]). Moreover, we set \x\oo ~ max{|x(l)|, . . . , |x(7')|}. 
Note that limp^oo \x\p = |x|oo- 

12. Let iV be a Z-module and K a field. Then N ®i K is a X-vector space in the natural 
way. We denote the ii'-scalar product of N ®-i X by • , that is. 



where X\, . . . .x^ G N and a,ai,...,ar G K. Note that the kernel of the natural homo- 
morphism N N ®i Q is the subgroup consisting of torsion elements of N . 

13. Let AI be a module over a ring R. Let a E K and L e A/''. For simplicity, we 
denote a(l) • H h a(r) • L(r) by a • L. 

14. Let ]K be either Q or M. Let be a vector space over K and / : — > M a function. 
Let d be a non-negative real number. We say / is a positively homogeneous function of 
degree d if f{\x) = X'^f{x) for all A e K>o and x G V^. Moreover, / is said to be 
weakly continuous if, for any finite dimensional vector subspace Vl^ of f\^r : — > E 
is continuous in the usual topology. 

15. Let X be a d-dimensional projective arithmetic variety. Let Foo ■ X{C) X{C) 
be the complex conjugation map on X{C). The set of real valued continuous (resp. C°^-) 
functions / on X{C) with F^{f) = f is denoted by C°{X) (resp. C°°{X)). A pair 
L = (i, I • I) of an invertible sheaf i on X and a continuous hermitian metric | • | of L 
is called a continuous hermitian invertible sheaf on X if the hermitian metric is invariant 
under F^^. Moreover, if the metric | • | is C°°, then L is called a C°° -hermitian invertible 
sheaf on X. An element of Picco [X) ®z Q (resp. Pic(X) ®z Q) is called a continuous 
hermitian Q-invertible sheaf (resp. -hermitian Q-invertible sheaf) on X. 

16. Let {L, II • II) be a normed Z-module, that is, M is finitely generated Z-module and 
II • II is a norm of M ®z According to ID, hP{M, \\ ■ || ) is defined by 



Let L be a continuous hermitian invertible sheaf on a projective arithmetic variety. For 
simplicity, h"{H"{L), \\ ■ \\sup) is often denoted by h°(L). 

17. Let M be a compact complex manifold and $ a volume form on M. Let A = 
{A, I • |a) and i? = (_B, | • |b) be C°°-hermitian invertible sheaves on M. Let t be a section 
of H^{M, B) such that t is non-zero on each connected component of M. The subnorm 

induced by an injective homomorphism H^{M, A — B) H^{M, A) and the natural 

i^-norm of H^{M, A) given by $ and | • \a is denoted by || • \\l^t"J^^]^, that is. 



for s e H°{M, A - B). For simpHcity, || • \\'^2\^J^^ is often denoted by || • Hf^^t . 



a ■ [xi ® ai -\- ■ ■ ■ -\~ Xr ® ttr) = xi (g) aai + ■ ■ ■ + Xr ® aa 



(A/,|| • II) :=log#{xeM I 11x0 111 <1}. 
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1. A MULTI-INDEXED VERSION OF THE FUNDAMENTAL ESTIMATION 

1.1. Let X he a d-dimensional generically smooth projective arithmetic variety. Let A 
be a C°°-hermitian invertible sheaf on X and L = (Li , . . . ,Lr) a finite sequence of C°°- 
hermitian invertible sheaves on X. Let L = {Li, . . . , Lr) be the sequence of invertible 
sheaves obtained by forgetting metrics of L. The following theorem is a generalization of 
El Theorem 3.1]. 

Theorem 1.1.1. There are positive constants ao, C and D depending only on X, L and A 
such that 

(iJ"(a -L + ib- c)A), II . < (ff°(a • L - cA), \\ ■ ||-f-^) 

+ Cb\a\i-' + D\a\i-'logi\a\,) 
for all a e Z*" and 5, c e Z with \a\i > b > c > and \a\i > ao, where 

\a\i = |ai| H h \ar\, 

a ■ L = aiLi + • • • + aj L,., 
a ■ L = CLiLi + • • • + QtLj. 

for a ~ (fli, . . . , ar) S Z*" {cf. Conventions and terminolosy \\l\ and \\3\ . 

The proof of Theorem ll.l.ll is almost same as one of ID Theorem 3.1]. For reader's 
convenience, we will give its proof in the remaining of this section. We use the same 
notation as in 2). Let us begin with distorsion functions. 

1.2. Distorsion function. Let M be an n-equidimensional projective complex manifold. 
First let us recall distorsion functions. Let $ be a volume form of M and H = h) a 
C°°-hermitian invertible sheaf on AI. For s, s' E H'^{M, H), we set 

/ h{s,s')<^. 

JM 

Let si, Sat be an orthonormal basis of H^{X, H) with respect to ( , )jj ^. Then it 

is easy to see that, for all x G A/, the quantity X^ili h{si^ Si){x) does not depend on the 
choice of the orthonormal basis si, . . . , sjv, so that we define 

N 

dist(ff, $)(a;) = ^ h{s„ s,){x). 
1=1 

The function dist(77, $) is called the distorsion function of H with respect to $. For a 
positive number A, it is easy to check that dist(iJ, X^) — dist(i7, $). Moreover, if 
All, . . . , Ml are connected components of M, then 

dist(i?,$) = dist {h\^^ , $|^J + • • • + dist {h\^^ , $1;,^) . 

Let j4 be a positive C°° -hermitian invertible sheaf on M and B = (Bi, . . . , Bi) a finite 
sequence of positive C°°-hermitian invertible sheaves on M. Then we have the following: 

Theorem 1.2.1. For any real number e with < e < 1, there is a positive constant a{e) 
such that ^ ^ 

dist(aA^b-B,ci(Ay') < "K, h^(aA) 

(1 - e)' 

for all a E and 6 = {bi, . . . ,bi) E with a > a(e), bi > a(e), . . . ,bi > a(e), where 
b B = biBi + ■■■ + biBi. 
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Proof. Clearly we may assume that M is connected. In the following, the hermitian met- 
rics of aA, biBi and b ■ B are denoted by h^-^, h^^ -g and respectively. By Bouche- 
Tian's theorem (|[T|, ||5l), there is a positive constant a(e) such that 

f/iO(aA)(l-e) < dist(a]4,$(A))(z) < h^{aA){l + e) 

{h'^ihB,) (1 - e) < dist(6,S„$(S,))(2) < h'^ihB,) (1 + e) (z = 1, . . . ,Z) 

hold for all z e A/ and all a > a{e),bi > a(e), . . . , 6; > a(e), where 
m-^A- and $(^0- 



for i = 1, . . . , L 

Fix an arbitrary point x of M. Let b = {hi, . . . ,bi) E 7/ with 6i > a(e), . . . ,bi > a(e). 
We consider an orthonormal basis of H^{biBi) with respect to the L^-norm ( , )f,.;g. $(;b.) 

arising from /15 5 and such that the only one element of the basis has non-zero 

value at x. Let st. be a such element of the basis. Then we have 

\B.(s6>,S6j(a;) =dist(fo^B«,$(S,))(x) > (1 - e)/i°(6,B,). 
On the other hand, since 

llsfc.l!' < sup dist(&,S,;, $(B,))(z) < (1 + e)h\b,Bi), 



we obtain 



\-B,(sb,,S(,,)(aO ^ 1 -e 



Nhi 1 1 sup 



If we set Sfc = S(,i (g) • • • (X) Sb,, then 



For a > a(e), let ti, . . . , t,. be an orthonormal basis of H'^{aA b ■ B) with respect to 
( ' )a'A-b^.<i>(A) ^^'^h that Sb®ti,...Sb® U are orthogonal with respect to ( , 
as elements of H^{aA). Then, since 

form a part of an orthonormal basis of H'^{aA), 

Note that i|st (g) UW]-^^^^-^^ < \\sb\\^,^p. Moreover, since A = ci(A)" > 1, 
dist{aA-b-B,ci(Ay') = dist {oA - b -6,^1)) < dist{aA - b ■B,<^(A)). 
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Therefore, 

1 - e 



1 



diat{aA-b-B, ci(A)")(x) 



< 



\-%\\snp 



^ ^ai:(gb <E)ti,Si(g) ti){x) 



< {l + e)h"iaA). 



Thus the theorem follows. □ 

Here we recall several notations: Let IK be either M or C. Let F be a finite dimensional 
vector space over K. A map ( , ) : V xV ^ Kis called a K- inner product if the following 
conditions (1) ~ (4) are satisfied: (1) {x,y) = {y,x) (ix,y € V), (2) (a; + x',y) = 
{x,y) + {x',y) and {ax,y) = a{x,y) {\/x,x',y€ V,\/a G K), (3) {x,x) > (Vx e V),{A) 
{x, x) = <J=^ a; = 0. Let (Vi, ( , )i) and (V2, ( , )2) be finite dimensional vector spaces 
over K with K-inner products ( , )i and ( , )2, and let : Vi V2 be an isomorphism 
over K. For a basis {xi , . . . , a;„} of Vi, we consider a quantity 

1 / dct{{x^,Xj)i) 
■ log ' 



2 ^ Vdct(((/.(xO,0(a;,)>2). 
which does not depend on the choice of the basis {xi, . . . ,x„} of Vi. It is called the 
volume difference of {Vi, { , )i)-^(V2,(, )2) and is denoted by 

7((^l,(, >l)^(^2,(, )2)). 



vol{a; e Vi I {x,x)i < 1} 



It is easy to check that 

[IK:R]7((yi,(, )i)^(V^2,(, )2))=log> ^,rUM^M^\ <- U 

\vol{a- e Vi I {4>[x),(l)[x))2 < I}, 

where vol is a Haar measure of Vi . Thus if (M, 1 1 • 1 1 1 ) and {M, 1 1 • 1 1 2 ) are normed Z-modules 
and II • 111 and || • II2 are L^-norms, then 

x(Af, II - 111) - x(M, II -112)= jUM ®z K, II • 111) ^ (M ®z K, II • II2)) 

Let us consider a corollary of Theorem 11.2.11 Let Li, . . . , L,., A be C°°-hermitian 
invertible sheaves on M such that A and Li + A are positive for i = 1 , . . . , r. We set 

L= {Li,...,Lr), L= (Li,...,Lr), $ = ci(Li + ---+I^+rl)". 

Let a e Z>Q and fe, c G Z>o. Let s be a section of H'^{bA) such that ||s||sup < 1 and s is 
non-zero on each connected component of M. Let 

( ' )a-L-c'A ^"'l ( ' )a-L + {b-c)A 

be the natural C-inner products of H'^{a ■ L — cA) and H'^{a ■ L + {b — c)A) with respect 
to $. Here we consider a submetric ( , )a.L+{b~c)A s sub °^ H'^id ■ L — cA) induced by s 
and the metric ( , )a.L+{b-c)A^ 

(^'* )Q-r+(&-c)A,s,sub ^ {st,st )a.L+{b-c)A 
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for t, t' E H'^{a ■ L — cA). Then we have the following corollary. 
Corollary 1.2.2. Let 7(0, c, s) be the volume difference of 

{H'ia ■ L - cA), (, -^[H'ia-L- cA), (, >„.r+(,_.)X..suby ■ 

For any real number e with < e < 1, there is positive constant a{e) such that 



7(a,c,s) > + '^^ 



r+2 



h°{2\a\iiL, + ... + Lr + rA)) (^j log(|s|)$ 



(1 - e)'-+i 

for alia e Z>q and c G Z>o w/f/j |a|i > a(e). 

f roo/ Note that, for all a = (ai , . . . , a^) G Z>q and c G Z>o, 

a • L - cA = 2|a|i (Li H h L,. + rA) 

- (2|a|i - ai) (Li +3) (2|a|i - a,.) (I,. + A) - {c+\a\i)A 

and that2|a|i — fli > |a|i for all i . Therefore, by Theorem |1.2.1| there is a positive constant 
a(e) such that 

dist(a ■L-cA,^)< i-_Z_/iO(2|a|i(Li + • • • + + rA)) 

for all X G M and all a G and c G Z>o with |a|i > a(e). Let ti,. . . ,ti be an 
orthonormal basis of i/'^ {a ■ L cA) with respect to ( , ^^^^ that sii , . . . , sf/ are 

orthogonal with respect to ( , ) a-L+(b-c)A- Then 

7(a, c, s) = --log — — r 2^ log / s 

Thus, using Jensen's inequality, for all a G Z>g and c G Z>o with |a|i > a(e), 

7(a,c,.)>i^ / log(|.n|t.|^$ 

= / log(|s|)dist(a -i - cA,*)* 

JM 

- + • • • + ir + rA)) log(k|)<l>) . 

□ 

1.3. The proof of Theorem II. 1.11 In this subsection, let us give the proof of Theo- 
rem II. 1.11 Here we consider variants of Theorem II. 1.11 that is, the restricted version 
of Theorem II .1.11 and the L^-version of Theorem ll.3.11 

Theorem 1.3.1. In the situation ofTheorem \\A.\\ there are positive constants ao, C and 
D depending only on X, L and A such that 



h" (i/°(a -L + ib- c)A), II . r^+f"-^)-^) < [H^{a ■ L - cA), || • ^J^-^^] 

+ Cb\a\t' + D\a\'',-'log{\a\,) 
for all a G Z>q and b,c Z with \a\i > b > c > and \a\i > ag. 
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Theorem 1.3.2. In the situation of Theorem \\.\.\\ we fix a volume fonn of X{C) to give 

L^-nonns \\ ■ \\'^2^^'' "^^^ and \\ ■ Then there are positive constants Oq, C" and 

D' depending only on X, L, A and the volume form of X{C) such that 

W (i/0(a -L + ib- c)A), II • ||"?+<''"^'^) < /i" (if"(o • L - cA), \\ ■ ||^f-^^) 

+ C'b\a\f-' + D'\a\f-Hog{\aU) 

for all a G Z>q and b,c T, with \a\i > b > c > and \a\i > ag. 
First of all, let us see 

{Theorem ll.3.1l => Theorem ll . 1 . 11 
Theorem ll.3.2l =^ Theorem ll. 3. 1[ 

SO that it is sufficient to show Theorem ll. 3. 21 

Theorem \l.3.1\ =^ Theorem \l.l.l\ Fore £ {il}"^ and a G IT , we set 

L(e) = (e(l)Li,...,c(r)I,) and a(e) = (e(l)a(l), . . . , e(r)a(r)). 

By Theorem ll. 3. II for each e e {±1}'', there are positive constants ao(e), C{e) and D{e) 
depending only on X,L{e) and A such that 

ft" (if°(a.L(e) + (&-c)A),||.r^(')+(^-)^; 

<ftO (i7"(a.L(e)-cA),||.||^^(')-^) 

+ C(e)&|a|^-i + i?(e)|a|f-Mog(|a|i) 

for all a E Z>q and b,c E Z with |o|i > > c > and |a|i > ao(e). Note that, for any 
a e Z'', there is e e {±1}'' with a(c) e Z>o, and that a(e) •L(e) = a-£ and |a(e)|i |a|i 
for e e {±1}' and a G I/". Thus, if we set 

ao = max {ao(c)}, C = max {C{e)} and D = max {D{e)}, 
££{±1}'- £e{±i}'- ee{±iy 

then Theorem I 1 . 1 .Tj follows. □ 

Theorem \l .3.2\ =^ Theorem \l.3.1\ Since || • ||sup^'''~^''^ > || • ||"f'^'"''~'^'''^, we have 

(i/"(a.L + (fe-c)A),||.||-^+(''-)^) 

< ft" (iJ"(a • L + (& - c)A), II • Wlf+i'^-^^ 

Moreover, applying Gromov's inequality (cf. lU Corollary 1.1.2]) to Lie, ■ • ■ , Lrc, —A^ 
there is a constant D > 1 such that 

II . ||-?-^ > D-'i\aU + c + l)-('^-i)|| • r;^-^^ 
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for all a e Z>q and c G Z>o. Therefore, since |a|i > c, by using ID Proposition 2,1], we 
obtain 



h° (^H°{a-L- cA), 



\a-L — cA 

L2 



.■L-cA 
sup 



ua-L — cA 
1 1 sup 



(1.3.2.1) 



< [H\a ■ L - cA),D-\\a\, + c + • ||- 

< h° (^H°{a-L^cA), 

+ log(i?(2|a|i + lf-')C,\a\t-' + €2^-' log(|a|i), 
where Ci and C2 are positive constants with the following properties: 

'rkiJO(ai(ii +A) + ---+ ar{Lr + A)) < Ci\a\i~^ {\a\i > 1), 
log(18) rki/0(ai(L + A) + ■ ■ ■ + ar{Lr + A)) 

+2 log {{ik H°{ai{Li +A) + --- + ar{Lr + A)))l) 

<C2|a|^ilog(|a|i) (|a|i>2). 

Thus we get our assertion. □ 
The proofofTheorem \l.3.2\ First let us see the following claim. 

Claim 1.3.2.2. Let A be another C°°-hermitian invertible sheaf on X with A < A . If 
the theorem holds for L and A , then it also holds for L and A. 

Proof This is obvious because a ■ L + [b — c)A < a ■ L + (b — c)A and a ■ L — cA < 
a-L-cA. a 

By the above claim, we may assume the following; 

(1) ^ is very ample on X. 

(2) A and Li + A {i = 1, . . . ,r) are positive on X{C). 
Moreover, we fix positive constants Ci and C2 as in ( 11.3.2. It . 

Claim 1.3.2.3. If the theorem holds for a volume form on X(C), then so does for any 
volume form. 

Proof. We assume that the theorem holds for a volume form $ on X(C). Let $' be another 
volume form on X{C). Then there are constants < (Tq < 1 and cti > 1 with 

o-Q*' < $ < cr?$'. 

Thus 

I|-|Il2 ' <cri|l-||^2 and (Jo\\-\\^^ ■ < 11-11^2 

Therefore we have 

(H\a -L + ib^ c)A),a,\\ ■ ^C'-M-*' 



and 

[H'{a ■ L - cA), II . Illf-^^-*) < (H"(a • L cA), <Jo\\ ■ H^f-^^'*" 



CONTINUOUS EXTENSION OF ARITHMETIC VOLUMES 



II 



Note that 

frkiJ"(a -L + ib- c)A) < rkiJ"(ai(Li + A) + ■ ■ ■ + a,.(L^ + A)) 
\ikH"{a -L-cA) < rkH°{ai{Li + A) + ■ ■ ■ + a,(L^ + A)). 

Then, by ||4] Proposition 2. 1], 



(i7"(a -L + ib- c)A), II • ll-^'+C'--)^.*' 

< h" (if" (a ■L+{b-c)A),ai\\- W^! 



a-L + {b-c)AA^' 

+ log(ai)Ci|a|^i + C2 log(|a|i)|a|^-i 
L - cA),ao\\ ■ lllf-^^^*') < (H'{a ■ L cA), \\ ■ f^f-^^'*' 



+ log{<j,')C,\a\i~' + C2log{\aU)\a\i~\ 
Thus we get the claim. □ 
Therefore, we may assume that a volume form $ on X{C) is given by 
^ ^ ci(Li + ■ ■ ■ + Lr + rAf-\ 
Here we fix a notation; For a real number A, we set 

A^ = A+{Ox,cxp{-X)\ ■ \,au). 
Let us see the following claim. 

Claim 1.3.2.4. We may assume the following: 

(a) There is a non-zero small section s of A such that div(s) is smooth over Q. {In the 
case where d = 1, div(s) is empty on Xq.) 

(b) We can find a positive integer n with the following property: For each i ~ 1 , . . . , r, 
there is a non-zero small section tj of nA — Li such that ti is non-zero on every 
irreducible component of (Xyv{s). 

Proof. Since A is very ample, there is a non-zero section s of A such that div(s) is smooth 
over Q. Moreover, by [|4] Lemma 3.2], we can find a positive integer ?7 with the following 
property: For each i = 1, . . . , r, there is a non-zero section ti of nA — Li such that ti is 
non-zero on every irreducible component of div(s). Let A be a non-negative real number 
with cxp(— A)||s||sup < 1 and cxp(— nA)||ti||sup < 1 for i = 1, . . . , r. Then s and ti are 
small sections of A^ and uA!^ — Li respectively. On the other hand, A < A^, and 
satisfy the conditions (1) and (2). Moreover, 

ci (Li + vTr + r'A) = ci(Li ^ h I,- + r'A^). 

Thus, by Claim [L3.2.2l we get our claim. □ 

For a coherent sheaf T on X and a closed subscheme Z of X, the image of the natural 
homomorphism 

H\X,T)^H\Z,T\z) 

is denoted by P{Z^ ^\z) ^'"-^'(•^Iz) for simplicity. 

Let us start the proof of Theorem ll.3.21 If = 0, then c = 0. In this case, the assertion 
of the theorem is obvious, so that we may assume that b> 1. As in Claim [T~3.2.4l let s be 
a non-zero small section of A such that Y :— div(s) is smooth over Q. 
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Here we fix constants C3 and C4 as follows: 

{rki7"(r, ai(Li + A) + • • • + a,(L,. + A)\y) < Cslafi'^ {\a\i > 1) 
log(18) rki?0(y, ai(Li + A) + • • • + a,.(L^ + ^)|^) 
+2 log ((rkHO(y, ai{Li+A) + --- + a,(L, + A)|y))!) 
<C4|a|^2iog(|a|i) (|a|i>2) 

In the case where d = 1, rkH°(y, ai(Li + A) H h ar{Lr + A)\y) = 0. 

Let II • ||"f'(^yot ^''^ be the quotient norm of /°(a ■ L + {b — c)A\i^y) induced by the 
surjective homomorphism i7'^(a • L + (6 — c)A) — > /°(a • L + (& — c)yl|jy ) and L^-norm 
II • \\°i:^+('>-c)A Qf ^0(„ -L+ib- c)A). An exact sequence 

^ H^{a -L-cA)^ H"{a -L+ib- c)A) -> /"(a -L + ib- c)Aly) 
gives rise to an exact sequence of normed Z-modules: 

- {H"{a ■ L cA), II . lirS^:^'^) - (i/°(a • i + (6 - c)A), \\ ■ ||-p(^-='^) 

^ (/°(a . L + (5 - c)^|,^), II . ir,f:lV^''') - 0. 

Since rkiJ"(a ■ L - cA) < TkH°{ai{Li + A) + ■ ■ ■ + ar{Lr + A)), by H (4) of Propo- 
sition 2.1], the above exact sequence yields 

(1.3.2.4) 

ft" (iJ"(a -L + ib- 0A\ II . Il-^f"-^)^) < ft" (ff"(a • i - cA), \\ ■ 

+ ft" (/"(a • L + (6 - c)^|„.), II • IlLMuot"'^^) + C2|a|^-i log(|a|i) 
for all a e Z>q and &, c G Z>o with |a|i > 6 > c > and |a|i > 2. 

Here let us consider two lemmas. 
Lemma 1.3.3. There are constants ao and C5 depending only on L and A such that 

ft" (i/"(a . L - cA), II . r,5|:2'^) < ft" (i/"(a • L - cA^ \\ ■ f/-^) 

+ C56|a|^i + C2|a|^ilog(|o|i) 
for all a G Z^q ant/ 6, c G Z w/fft |a|i > > c > a/it/ |a|i > a^. 

Lemma 1.3.4. There are constants Cg and C7 depending only on L and A such that 

ft" (/"( [a -L+ib- c)A)\,y), II . lirf+lV'^^) < C.bK-'HCA+C.Mt' log(|a|i) 

/or flZZ a G Z>Q anii b,c ^ with \a\i > b > c > and \a\i > 2. 

We will prove these lemmas in the next subsection. Assuming them, we proceed with 
the proof of our theorem. Gathering ( 11.3.2.4b . Lemma [1.3. 3 1 and Lemma [1.3. 41 if we put 

C = C.5 + Ce and Z) = 2C2 + C4 + C7, then 

ft" [H'{a-L + {b~c)A),\\-\\lf+^'-'^^) 

< ft" (i/"(a • L - cA), II • 11^-?-^^) + Cb\a\i-^ + D\a\i-^ log(|a|i) 
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for all a e Z>q and 6, c e Z with |a|i > 6 > c > and |a|i > qq. This proves 
TheoremOSr □ 

1.4. The proofs of Lemma 11.3.3] and Lemma 11.3.41 In this subsection, we consider the 
proofs of Lemma 11.3.31 and Lemma 11.3.41 We keep every notation as in the previous 
subsection. 

Proof of Lemma\Tjj\ Note that || • 11^2^^'^^^^'^ < |1 ■ Wl^'"'^- Thus, by H (2) of Propo- 
sition 2.1], 

[H'iaL cA), II . II^I-^) - (i/0(a • L cA), \\ ■ r.fj^^^^) 

+ C2|a|^ilog(|a|i) 
> X {H'ia ■ L cA), II . Il-f-^) - X {n'ia ■ L cA), \\ ■ C^^'J'^) . 

Hence, by Corollarv ll.2.21 we obtain Lemma [1.3. 31 □ 



Proof of Lemma U.3.4\ This is very complicated. Let k be an integer with Q < k <b. Let 
II ' Ili^J^^tub^quot quotient norm induced by the surjective homomorphism 

i7°(a -L+ib-c- k)A) I°{Y, a-L+{b-c- k)A\y) 

and the norm || • \\L2ti^^luh'^ of H°{aL + {b-c- k)A). Let Y' be the horizontal part of 
Y, that is, the Zariski closure of F n Xq in X. In the case where d = 1, F' = 0. Since the 
kernel of 

aL + {b~c- k)A\Y) I°{Y', aL + {b ~ c ^ k)A\Y,) 

is a torsion group, I°{Y', a ■ L + {b - c - k}A\Y,) has the same norm || • \\'^L^^'^k'^sub,qnof 
Then we have the following. 

Claim 1.4.1. There are constants Cg and C'-j depending only on L and A such that 

(l'{Y\ a-L+ib-c- k)A\y,), II . ||t?+J'-,tlJ < C',\a\i~'+C'Mi-' log(|a|i) 



^ ,sub,quot 

for all a E Z>q and b,c,k £ Z with |a|i > 6 > c > 0, |a|i > 2 and < k < b. 

Proof. If d = 1, then l'^{Y', aL + [b — c — fc)y4|y,) = 0. Thus our assertion is obvious, 
so that we assume d > 2. 

Let U be an open set of X{C) such that the closure of U does not intersect with Y'{C) 
and that U is not empty on each connected component of X{C). Applying j4, Lemma 1.4] 
to Lie, • ■ • I Lrc, Ate and Lie, ■ • ■ i Lrc, —Ac, we can find constants Di > 1 and D[ > 1 
such that, for all I G Z'>o, m e Z and u e H°{X{C),l ■ L + mA), 

Ju JX{C) 
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Since < infj;e;7{|s|(a:)} < 1, if we set D2 = \/ mixeu{\s\{xy} then D2 > 1. Thus, 
if we set D3 = niayi{D2, Di}, then, for u G H^{X,a ■ L + [h - c~ k)A), 



X(C) 



> i52"2fe^,-l^-(|a|l + |b-c-fc|) / |^|2^ 



X{C) 



Jx{C) 



The above inequality means that 

ia-L+{b—c)j 

Il2 «'=,sub - -^1 ^3 II ■ IIl2 



^ ||a-L+(b-c)A ^ £)/ -l/22j-2|a|i II ^ ua-L+{b-c~k)A 
II L^.-s'^.siib — 1 3 II llr^ 



Therefore, we have 



,,a-L+{b-c}A „, -1/2 „-2|a|i II ..a-L+ib-c-k)A 

II L^s*" ,sub,quot - ^1 .3 Ir II Liquet ' 



where || • H^^^^ot ^ '^^^ is the quotient norm of l"{Y', a ■ L + {b — c — induced 
by the surjective homomorphism 

H°iX,a- L + {b-c~ k)A) I°{Y', a-L + {b-c- fc)A|y,)- 

Note that > x + 1 (x > 0). Applying [4, Corollary 1.1.3] to Lie, • ■ • ; Lrc, and 
Lie, • ■ • 7 Lrc, —Ac, we can find constants D4, D'^ > 1 such that 

II ^ .,a-L+{b-c-k)A ^ ^, -l/2„-(|a|i + |6-c-fc|)/2|| ^ .^<^-L+{b-c-k)A\^, 
II llL2,quot — 4 4 II IIl^ 

holds on /"(y, a • L + (6 — c — Here a volume form of Y is given by the 

C°°-hermitian invertible sheaf (Li + ■ ■ ■ + L,. + rA)\y,. Therefore, if we set Dc, = 
max{i:)3, D4} and D'^ = t[islx{D[, D'^}, then 

II ua-L+{b-c)A ^,-l^-3\a\iu .:a-L+{b--c-k)A\^,, 

II ■ llL^s^sub,quot - ^5 ^5 II ■ IIl2 

holdson/"(y', a-L + (6-c-fc)^|y,)- Note that rk iJ"(a • L + (6 - c - fc)A|^,) < 
rki/°(ai(Li + A) H h ar(ir + ^)|y')- Thus, by gl (3) of Proposition 2.1], 

ofTOfV „ . T. ^ (h ^ ^ ^ h\ A\ \ II . 



(/"(r', a-L + {b-c- k)A\,.,), |j . ||tC^^;,X;to, j 

< a • L + (& - c - fc)^|^,), II • ll^f 

+ log(7^^i^5^l"l^)C3|a|?-2 + C4|a|?-^log(|a|i) 

< {h%Y', a-L + {b-c- k)A\y,), II . ii^f +(^--'^'^1. 

+ log(i?^i?^l"hC3|a|^2 + cMt' log(|a|i). 

Let y be the normalization of Y'. Let ti, . . . ,tr be small sections as in Claim [T73. 2.41 
Then ti gives rise to an inequality Li\y, < nA^y-,. Therefore, 

a-L + {b -c- k)A\~, < {n\a\i + b -c- k)A\~, . 
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Thus we have 

< A" i^H'{¥', a-L + ib-c- k)A\^,), II . II -^+(^— ^)^|-- 

< in\a\,+b-c- k)A\^,), II . II (H^U+^-'^-Ml^,^ 

Moreover, by H Lemma 3.3], there is a constant Dq such that 

h° (h\Y', mA\^,), II . 11",^'-^) < D,m<'-^ 

for all m > 1. Thus we get the claim. □ 
We would Uke to extend Claim fTATI to Y . First of all, we consider the following claim. 

Claim 1.4.2. Let I and I' be the defining ideals ofY and Y' respectively. Then there is a 
constant Cg such that 

log#i/"(X, (a • i + (6 - c - k)A) ® I' II) < C^'|a|f-i 

for all a E Z>q and b,c,k £ Z with |a|i > & > c > 0, |a|i > 2 and < k < b. 

Proof. Since A is ample, there is a positive integer mo such that H^{X, mA (g) I' /I) = 
for all m > mo and j > 0. We set Asso^ (/'//) = {a^i, • ■ • ,Xr}. Then, by ||4] 
Lemma 3.2], there is uq independent from a, b, c, k with the following properties: 

(i) For each i = 1, . . . , r, there is a non-zero section k of H^{X, no A — Li) such that 
k{xj) 7^ for all j. 

(ii) 2(no - 1) > mp. 

By (i), we have an injective homomorphism 

{a-L + {b-c- k)A) ® r/I > (no|a|i + 5 - c - k)A ® I' /I. 

Note that 

no|a|i +b~ c~k> (no — l)|a|i + |a|i+&— c— fc> 2(no — 1) > mo. 
Then we have 

log#iJ"(X, {a-L + {b-c- k)A) ® I' /I) 

< \og#H°{X, ina\a\i+b-c-k)A® I' /I) 

= J2(~^y ^og#H^iX, {na\aU+b-c- k)A ® I' /I). 

Since Supp(/'//) is contained in fibers of X — > Spec(Z), by using Snapper's theorem, 
we can find a polynomial P{X) £ S.[X] of degree < d — 1 such that 

^(-IP \og#W{X, (no|o|i +b-c-k)A(E) I' /I) = P{no\a\i +b~c~k). 

]>0 

Thus we get the claim. □ 
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Claim 1.4.3. There are constants Cg and C7 depending only on L and A such that 

(/°(y, a-L + {b-c- k)A\y), II . WllXuSuot) < Celal?-' + Cr\a\t' log(|a|i) 
for all a G ZC,q and h, c, G Z with \a\i > b > c > 0, \a\i > 2 and < k < b. 
Proof. Since the kernel of the natural surjective homomorphism 

/°(y, a-L + {b-c- k)A\Y) I°{Y\ a-L + {b-c- fc)^|y,) 
is contained in the torsion group H^{X, {a ■ L + {b — c — k)A) (X) I' /I), we have 

(/"(r, a . £ + (5 - c - k)A\y), II . |ir?.t:b?uot) 

< a-L + {b-c- k)A\y,), II . llS^XSo, 



log #77° (X, {a-L + {b-c- k)A) (g, I' /I). 



Thus our claim follows from Claim fTATI and Claim [T~4~2l 



□ 



Let us start the proof of Lemma [1.3. 41 A commutative diagram 







-{k + l)A 



-kA 



Ox 



O 



X 



0(k+l)Y *■ 



o 



kY 



-kA\y 

yields an injective homomorphism ak ■ — fcA|y together with a commutative 

diagram 











-kA 



-kA\, 



0(k+i 



{k+l)Y 



o. 



kY 



OkY 







0, 



where two horizontal sequence are exact. Thus, tensoring with a ■ L + {b — c)A, we have 
the following commutative diagram: 

0^ a-L+{b-c-k)A ^ a-L + {b-c)A a ■ L + {b - c)A\,^y ^ ^ 

1 1 II 

0^a-£ + (&-c - k)A\Y a-L + {b- c)A\^^^^^^y a-L + {b- c)A\,^y ^ 0. 
Therefore, we get an exact sequence 

0^l'{ia-L + {b-c-k)A)\Y)^l'aa-L + {b-c)A)\^,^,^Y) 

^/"((«.L + (fe-c)A)|,^)^0. 
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Note that in a commutative diagram 

H°{a-L+{b-c-k)A) H°{a-L + {b-c)A) 

I^{{a-L+{b-c~k)A)\y) I^{{a-L + {h^c)A)\^,^,^y), 

two vertical homomorphisms have the same kernel. Thus, by |4l Lemma 3.4], 

^ (/"( (a -L+ib-c- k)A)\yl II . r^Z'^lo) 

^ (l\{a-L + {b-c)A)\^,^,,yU ■ ||-?:Jr)^) 

^ [l\{a -L+ib- c)A)\,y), II . |lt-?i\-^)^) - 
is a normed exact sequence, where, for each i, the norm of 

{l'iia-L + {b-c)A)\M\-\&r^^^ 
is the quotient norm induced by the surjective homomorphism i/"(a ■ L + {b — c)A) 

/"( (a • L + (6 - c)A)y) and i^.norm || • ||«-f^+(''-'=)^ of iJ"(a • i + (5 - c)yl). Note 
that 

TkH°{a-L+{b-c-k)A\Y) < TkH°{ai{Li+ A) + ■ ■ ■ + ar{Lr + A)\y). 
Thus, by using ID (4) of Proposition 2. 1], 

(a -L + ib- c)A)\,,^,^y), II . ||t?;t"^^^) 

- (/°( (a . £ + (6 - c)A)|,^), II . lltf^lV^^^) 
< (/°( (a • £ + (6 - c - fc)A)|^), II . fj^IpXSuot) + C^\<'' log(l«li)- 
Therefore, taking X]fc=i' '^^e above inequalities imply 

h'^ (l^iia-L + ib-c)A)\,y)A\-\\lI^^^r'^^ 

^h^ {l^\ia-L+ib^c)A)\yU.\\l]^^^^;^^^) 

<Y^ho{i^iia-L+ib-c- k)A)\y), II . iir?:^:^i,) 

k=l 

+ {b-l)C4\a\t-Hog{\a\i). 
Hence, by using Claim fTASl we have Lemma [1.3.4l □ 

2. Arithmetic volume function 

Let X be a c?-dimensional projective arithmetic variety. Let L be a continuous hermitian 
invertible sheaf on X (cf. Conventions and terminologvfTsTl. As mentioned in Conventions 
and terminology [l6l hP{L) is given by 

h°(L) = log# {s e H''{X,L) I llslUup < 1} . 



18 



ATSUSHI MORIWAKI 



In the same way as in ||4j, the arithmetic volume vol(i) of L is defined by 

vol(L)=hmsup— 
By virtue of Chen's theorem ||2l, vol(L) is actually given by 

vol(L) = hm — J—. 

Fix a volume form $ on X{C). For a real number p > 1, let \\ ■ \\lp be the L^'-norm of 
H^{X{<C), Lc) induced by the hermitian metric | • | of L and $, that is, 



\s\P<p\ {seH'{X{C),Lc)). 

X{C) J 



Similarly as above, we can define a volume with respect to the L^-norm to be 

n log #{seH'\X,mL)\\\s\\ LP <!} 
voIlp(L) - limsup . 

m^oo III' /tAl 

Then, using Gromov's inequality ID Corollary 1 . 1 .2] and Chen's result |2l, it is easy to see 
that volip(L) = vol(L) and 

^IML)= lim ^0S*{seH^X rnL)\\\sU.<l}^ 

m^oo 771°-/ a'. 

For the definitions of C^{X) and Picco (X), see Conventions and terminology [15] Let 
O : C°(X) PiC(7o(X) be a homomorphism defined by 

f^O{f) (Ox,cxp(-/)|.|,„0- 

Let(^ : Picco(X) Pic(X) be a natural homomorphism given by forgetting the equipped 
hermitian metric. Then the following sequence 

(2.1) c°{X) — ^ Picco(X) — ^ Pic(X) > 

is exact. It is easy to see that 

(2.2) Ker(O) = {log>| | u e . 

Note that the natural homomorphism C°(X) ®z Q C'^{X) (/ (g) a i— > af) is an isomor- 
phism. Thus (12.1b yields an exact sequence 

(2.3) c-o^ Picco{X)<g,zQ Pic(X)®zQ > 

together with the following commutative diagram: 

C°{X) ^ ) ficcoiX) — ^ Pic(X) > 



CO(x) pTccoW^zQ Pic(X)®zQ . 0. 

Let us begin with the following lemma. 

Lemma 2.4. Let L be a continuous hermitian Q-invertible sheaf on X (cf. Conventions 
and terminology 115b . For any positive real number e, there is (p G C^{X) such that 
1 1 ^11 sup < eandL + 0{(p) is C°°. 
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Proof. Let us choose a positive integer n and a continuous hermitian invertible sheaf M 
such that = M (g) 1 in Picco {X) ®i Q. Let | • | be the metric of M and fix a C°° -metric 
I • |o of M. Then there is / e C"(X) such that | • | = cxp(-/)| • |o. By Stone-Weierstrass 
theorem, there is g e C°°{X) such that j|/ — .g||sup < ne. Note that exp(— (/ — g))| • | = 
exp{g)\ ■ |o. Thus M + 0{f — g) is a C°°-hermitian invertible sheaf. Therefore, if we set 
= (/ - g)/n, then ||0||sup < e and 

n(I+O(0)) = M® l + = (M + 0{f - g))(E)l. 

Hence the lemma follows. □ 

Proposition 2.5. For a continuous hermitian invertible sheaf L on X, we have the follow- 
ing: 

(1) < d\\fUpYo\{LQ)forfe CiX). 

(2) vol(nL) = n'^vo\{L) for a non-negative integer n. 

(3) If : X' X is a birational morphism of projective arithmetic varieties, then 
to1(i/*(L)) = ml(L)foranyL£ Picco{X). 

Proof. (1) We set A = ||/||sup- Then —A < / < A. Thus it is easy to see that 
to1(L + 0(-A)) <to1(I+0(/)) <to1(I + 0(A)). 

Therefore, it is a consequence of ||4l Proposition 2.1, (3)] in the same way as in [T, Propo- 
sition 4.2]. 

(2) Fix a positive integer n. By Lemma 12.41 for any positive number e, there is e 
C°(X) such that ||0||,up < e and I + 0{(f>) is C°°. Hence, by gl Propostion 4.8], 
vol(n(_L + 0{4>))) = n'^Yo\{L + 0(0)). Therefore, using (1), we have 

|TOl(nL)-n'*wl(L)| < |Q(nL)-Q(n(I+O((/))))| + |wl(n(I+O(0)))-7i'^wl(L)| 
< d|jn<?i||supVol(niQ) +ri''|TOl(I + O(0)) -to1(L)| 

< c^(n||<^!)||sup)(?^''"^vol(LQ))+n'*(^^||0||,upVol(iQ)) 
= 2ri'^dvol(LQ)||0||,up < {2n'^dvo\{LQ,))e. 

Here e is arbitrary. The above estimation implies (2). 

(3) By ||4] Theorem 4.3], (3) holds if L is C°° . For a positive real number e, by 
Lemma|131 we can find e C^{X) such that r + 0((?!)) is and ||0|Up < £■ Then, by 
(1), 

{\^{L + 0{cj))) -^\{L)\ < devo\{Lq), 

\|vol(i/*(I + O(0))) -TOl(i^*(I))| < d\y{c^)\\supyol{i^*{Lq))=d€vo\{LQ). 
Thus, 

|to1(j^*(I)) -to1(I)| < |to1(i/*(L)) -TOl(iy*(L + O(0)))| 

+ (I + 0{^))) ~ to1(L + O(0)) I + + 0{^)) - wl(L) I 

< e(2dvol(iQ)). 

Therefore we get (3). □ 
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By virtue of (2) of the above proposition, if L ^ a = M §5 /3 in Pic^o (X) ®z Q for 
L,JI e pTccoI^) and a,P e Q>o, then a''vol(L) = /3'*vol(M). Indeed, we choose a 
positive integer m such that ma, m(3 E 7L. Then 

maL (g) 1 = m(L (g) a) m(M m/3M ® 1. 

Thus there is a positive integer n with nmaL = nm(3M, which impHes (rima)'^vol(L) = 
(nm/3)'^vol(M) by (2) of the above proposition. Hence a'^vol(L) = P'^vo\{AI). There- 
fore, we can define vol : Picco(X) Q ^ R to be vol(L (g a) = q;''vo1(L), where 
L e Picco {X) and a E Q>o- By the definition of vol, a diagram 

pTcpo {X) ™' > K 

vol 

prcco(x) (gzQ 

is commutative. The following proposition is an immediate consequence of the above 
proposition. 

Proposition 2.6. For L e Picpo (X) ®z Q, the following hold: 

(1) \^l(L + 0{f))-^\(L)\ < d||/|l,,pVol(LQ)/or/ e C°{X). 

(2) vol(aL) = a'^\o\{L) for a non-negative rational number a. 

(3) /fj^ : X' X is a birational morphism of projective arithmetic varieties, then 
yo\{v*(L)) ^ yo\(L) for anyT E Picc'"(-'i^) «)z Q- 

Let L be a continuous hermitian invertible sheaf on X. We say L is effective if there is 
a non-zero section s E H'^{X, L) with ||s|lsup < 1- For Li, L2 E Picco{X), if Li — L2 is 
effective, then it is denoted by Li > L201 L2 < ii . Moreover, for M E Picpo (X) ®z 
we say M is Q-effective if there are a positive integer n and L S Picco {X) such that L 
is effective and nM = L (g 1 in Picco(X) (g)z Q. For Mi, M2 G Picc"!-'^) ®z Q, if 
Ml - M2 is Q-effective, then it is denoted by Mi >q M2 or M2 <Q Mi. 

Proposition 2.7. (1) IfLi > L2forLi,L2 E Picc<>iX), then h°(Li) > h°(L2) and 
toI(Ii) > ■to1(L2). 

(2) //Ml >Q M2/or Ml, M2 E Vicco(X) ®z Q, then vol(Mi) > vol(M2)- 

Proof. (1) is easily checked. Let us consider (2). Since Mi >q M2, there are a positive 
integer n and L E Picpo {X) such that L is effective and n{AIi — M2) = 1. Moreover, 
we can find a positive integer m and ii, ^2 G Picco {X) such that mMi = Li (g) 1 and 
mM2 = L2 «) 1. Then 

mL (g 1 = mn(Mi - M2) = n(Li - L2) (g 1. 

Thus there is a positive integer I with ZmL = ln{Li — L2), which implies that vol(lnLi) > 
vol{lnL2)- Therefore, 

vol(^nmAfi) = yol{lnLi (g 1) = vol(ZnLi) 

> vol{lnL2) = Yo\{lnL2 (g 1) = vol(ZnmM2). 
Hence, using the homogeneity of vol, we have vol(A/ 1) > vol(M2). □ 
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3. Uniform continuity of the arithmetic volume function 

Let X be a d-dimensional projective arithmetic variety. The purpose of this section is to 
prove the uniform continuity of the arithmetic volume function vol : Picco(X) ®z Q 
K in the following sense; vol is uniformly continuous on any bounded set in any finite 
dimensional vector subspace of Picpo (X) (E)z Q (cf. Theorem l3.4b . 

Let us begin with the following lemma. 

Lemma 3.1. Let V be a projective variety over afield and let L = {Li , . . . , Lr) be a finite 
sequence of Q-invertible sheaves on V. Then there is a constant C depending only on V 
andL such thatvo\{a ■ L) < C|a|f™^/orfl«a G W. 

Proof. We set /(a) = vol(a • L) for a G MJ". It is well known that / is a continuous and 
homogeneous function of degree dim V on W (cf. IS)). We set A' = {x G K*" | |x| i = 1}. 
Since K is compact, if we set C = sup^.^^^ f{x), then, for y e R*" \ {0}, f{y/\y\i) < C. 
Thus, since / is homogeneous of degree dim V, we have f{y) < C\y\f"^^^ . □ 

Next we consider the strong estimate of vol in Pic(X) (g)z Q. 

Theorem 3.2. Let L = (Li, . . . , Lr) and A = {Ai, . . . , Ar') be finite sequences ofC°°- 
hermitian Q-invertible sheaves on X. Then there is a positive constant C depending only 
on X, L and A such that 

|TOl(a-I + 5-Z) -TOl(a-L)| < C\{a,5)\'[-^\5\i 

for all a € and S G Q''' . 

Proof. First let us see the following claim: 

Claim 3.2.1. Let A be a Q-effective C°°-hennitian Q-invertible sheaf on X. Then there 
is a positive constant Ci depending only on X, L and A such that 

|TOl(a-Z+(5- A)-TOl(a-Z)| < Ci\{a,S)\'^^-^\d\ 
for all aeQ'' andS e Q. 

Proof. Let i/ : X' X he a generic resolution of singularities of X. Then, by lH 
Theorem 4.3] or Proposition 1221 

vol(a • L) = vol(a • iy*(L)), vol{a-L + 5 - A) = vol(a ■ i^*(L) + 5 ■ i'*(A)). 

Thus we may assume that X is generically smooth. Moreover, since 

|vol(a • JiL + 5nA) - vol(o • nL)\ = r7,'^|vol(a • L + SA) - vol(a • L)\ 

for a positive integer n, we may assume that Li, . . . , Lr, A e Pic(X) and A is effective. 

We set L ~ {Li, . . . , Lr, 0). By Theorem ll.l.ll there are a positive constants Oq, C[ 
and D[ depending only on X , Li, Lr and A such that 

h° (a' -t + {h- c)a) < /i" {a' ■ t - cA) + C[b\a'\'t^ + D[\a'\'i~^ log(|o'|i) 

for all a' e 1/+^ and 5, c G Z with |a'|i > 6 > c > and |a'|i > aq. 

If (5 = 0, then the assertion of the claim is obvious, so that we assume that 5 ^ Q. Let 
mo be a positive integer such that mo/|(S| G Z and (TOo/|(5|)a G Z''. 

Applying the above estimate to the case where a' = m(TOo/|(5|)(a, 5), b = mniQ and 
c = (to ^ 0), we have 

TOl((TOo/|<5|)a • L + moA) < wl{{mo/\5\)a ■ L) + d\C[m^{l/\S\f-'\{a, S)\f-^ 
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becuase m(TOo/|(S|)(a, S) ■ l' — m{mo/\6\)a ■ L. Thus, using the homogeneity of vol, we 
obtain 

< wl{a-L+\S\A)-m\{a-L) < d!C;|<5||(a, <5)|^-^ 
Next, applying the above estimate to the case where a' = m{mo/\5\){a, S),b = mirio and 
c = mmo (m ^ 0), we have 

< TOl(a • L) ~ TOl(a • L ~ \S\A) < dlC[ \5\\{a, d)\i~\ 

Thus the claim follows. □ 

Next we consider a general case. We can find -hermitian Q-invertible sheaves 
A[,A'1, . . . ,X':X'' such that Aj = A[-A'-,A[ >q OandA-' >Q for all i = 1, . . . ,r'. 
Then, since \{a,S,-S)\i < 2|(a,^)|i, = 2\6\i and 

a L + 6 A = a L + 5 a' + (-S) ■ a" , 

we may assume that Ai >q for all i. We set i? = Ai + ■ ■ ■ + A^i. Then we have 
-\^\\^ <6 ■ A < \l)\\B, which implies that 

TOl(a-I - <TOl(a-I + 5-]4) < TOl(a • I + 

Thus the theorem follows from the previous claim. □ 

Corollary 3.3. Let L = (Li, . . . , Lr) and A = {Ai, . . . , Ar') be finite sequences of 
C°°-hermitian Q-invertible sheaves on X. Then there are positive constants C and C 
depending only on X, L and A such that 

|Q(a-I + <J-Z + 0(.g))-TOl(a-I)| <q(a,(J)|^-i|(J|i + C'|(a,(J)|^-i||5||sup 
for all a G Q'', 6 G Q''' and g G C°(X). 

Proof. By (1) of Proposition l2.6l and Lemma lTTl there is a positive constant C" depending 
only on d, Lq and Aq such that 

\^l{a-L + 6-A + 0{g))-^l{a-L + 6-A)\ < C'\\g\\snp\{a,6)\i'^ 

for all a £ Q'', <5 e Q*" and g e C°(X). Therefore, the corollary follows from Theo- 
remO □ 



Theorem 3.4. Let L ~ (Li, . . . , Lr) and A = (Ai, . . . , Ar') be finite sequences of con- 
tinuous hermitian Q-invertible sheaves on X. Let B be a bounded set in Q"^. Then, for any 
positive real number e, there are positive real numbers 5 and 5' such that 

TOl(a • I + d • Z + 0{g)) - TOl(a • I) < e 

for all a E B,5 and g e C^{X) with \5\i < (5 an^f 1 1 5 1 1 sup < S'. In particular, if we 

set f{x) = vol(a; • L)forx G Q*", then f is uniformly continuous on B. 

Proof. By Lemma ITTl there is a constant Ci such that 

Uo\{{a-L)q)<CMt\ 
\vol((a-L+5-A)Q) < Ci|(a,<5)|^-i 

for all a e Q'' and 5 e Q'"'. We set M = sup{|a|i | a e B). By Lemma l2!4l we can find 
01, ... , V'li ■ ■ ■ li'r' S C°(X) such that 

I* = (Li+O(0i),...,r, + O(0,)) and = (Ai + ©(V'l ),..., A,, + 0(^,0) 
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are C°° and that 



< 



for all i and j. Since 



and j I t/jj 



< 



3Cid{M + 



a-lf =a-L + 0{a-(l)) and a -I^ + 5 ■A^' = a ■ L + 5 ■ A + 0{a ■ (j) + 5 ■ i)), 
by (1) of Proposition 122] we have 

|TOl(a • if) - TOl(a ■L)\<dCi\\a- ^||sup|a|^-^ 
|TOl(a • 1^ + 5 • 1^ + 0{g)) - TOl(a ■L + 5-A + 0{g))\ 
<dCi||a-.^ + (J-V!|sup|(a,5)|^-^ 



Note that 



and 



dCi|la-<A||sup|a|^-i <dCi|a|f 



iCid{M + 1) 



dC,\\a ■4> + 5- V|Uup|(a,<5)|^i < dC,\{aMi^^^ 
for all a e S and 5 e Q''' with |5|i < 1. Thus we get 



< e/3 



JlvoKa-I*) -vol(a-L)| < e/3, 
\ |TOl(a • 1^ + <J • + 0(.g)) - TOl(a ■L + 6-A + 0{g))\ < e/3 

for all a e S, g e C"(X) and (J e Q'^' with |<J|i < 1. 

On the other hand, by Corollary 13.31 we can find positive real constants 5 and S' de- 

—T^ 

pending only on B,L , A and X such that 

|TOl(a-r*+5-Z^ + 0(.g))-TOl(a-r^)| < e/3 
fora e i?, < (5 and ||,9||sup < (5'. Therefore, our theorem follows because 
|TOl(a • I + 5 • A + - TOl(a • L)| 

< |TOl(a-r^+5-A^ + 0(.g)) -TOl(o-I + d-]4 + 0(.g))| 
+ |TOl(a • + (5 • + 0(.g)) - TOl(a • 1^)1 



|vol(a • i )— vol(a-L)|. 



□ 



4. Continuous extension of the arithmetic volume function over R 

Let be a vector space over Q and / : F ^ R a weakly continuous function in the 
sense of Conventions and terminology [14] We say / has a weakly continuous extension 



with / 



/. Note 



over M if there is a weakly continuous function / : V (8iq R - 

that if there is a weakly continuous extension / of /, then / is uniquely determined. The 
following example shows that a weakly continuous function over Q does not necessarily 
have a weakly continuous extension over M. 
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f{x,y) 



Example 4.1. Let a be a positive irrational number, and let / : — > M be a function 
given by 

inax{|a;|, a|y|} if x + ay > 0, 
if X + ay <0. 

Then it is easy to see the following: 

(1) / is positively homogeneous of degree 1. 

(2) / is continuous on Q^. 

(3) / is monotonically increasing, that is, f{x, y) < f{x', y') for all (x, y), {x' ,y') E 

with X < x' and y < y'. 

(4) / has no continuous extension over M. 

(5) / is not uniformly continuous on {{x, G | max{|a;|, a\y\} < 1}. 

The following lemma gives a condition to guarantee a weakly continuous extension over 

R. 

Lemma 4.2. Let f : V —i- R be a weakly continuous function on a vector space V over 
Q. Then the following are equivalent: 

(!) f has a weakly continuous extension over M. 

(2) / is uniformly continuous on any bounded set B in any finite dimensional vector 
subspace ofV. 

Moreover, if f is positively homogenous, then the weakly continuous extension of f is also 
positively homogeneous. 

Proof. "(1) =^ (2)" is obvious by Heine's theorem. 

Let us consider "(2) (1)". For a vector subspace W of V, we denote /l^i/ by fw- 

(a) We assume that W is finite dimensional. Let {a„}^]^ be a Cauchy sequence in 
W . Then there is a bounded set B inW with a„ G B for all n. Thus, {/(orOln^i is 
also a Cauchy sequence because f\g is uniformly continuous. Hence, by using the well- 
known way, there is a continuous function fw ■ W (8)q E ^ M with fw = fw- 

w 

Namely, if x GW (3)q M and {an}^=i is a Cauchy sequence in W with x ~ lim a„, then 

n — >C30 

fw{x) = lim fw{an)- 

71 — >OG 

(b) Let W C W' be finite dimensional vector subspaces of V. Then 



fw 



fw 



because a Cauchy sequence in is a Cauchy sequence in W'. 

Let X E V (E)Q M. Then there is a finite dimensional vector space of V with x E 
W (8)Q K. The above (b) shows that fw {x) does not depend on the choice of W, so that 
f{x) is defined by fwi^)- 

We need to show that / : V (E)q E ^ M is weakly continuous. Let T be a finite 
dimensional vector subspace of F Cg)QM. Then there is a finite dimensional vector subspace 

WofV with T CW i^qR- Note that / = fw- Thus / is continuous. 

The last assertion is obvious by our construction. □ 



Let X be a d-dimensional projective arithmetic variety. The exact sequence ( I2.3l l gives 
rise to the following exact sequence: 

C°{X) (8)Q M ^ Prcco(X) K ^ Pic(X) K ^ 0. 
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Let us consider the natural homomorphisms ^ : C^{X) (8)q R C^{X) given by ^(/ ® 
x) = xf. Let N be the image of Kcr(^) via C°{X) (8)q R Picc" {X) ®i R. We set 

Prcco(X)R = (Prcco(X) ®z R)/iV 

and the canonical homomorphism Pic^o {X) ®i R Picco (-'^)r is denoted by tt. Then 
the above exact sequence yields the following commutative diagram: 

^^{X) > Pk;c.o(X)(g)zQ > Pic(X)®zQ ^ 

(4.3.0) 



C"(X) ^ Picco(^)R ^ Pic(X)«)zR > 0, 

where each horizontal sequence is exact. 

The following theorem is one of the main theorem of this paper 

Theorem 4.4. (1) There is a unique weakly continuous and positively homogeneous 
function vol : Picco(X) ®i R ^ R of degree d, which is a continuous extension 
of vol : Picpo (X) (g)z (Q ^ R over R. 
(2) The above arithmetic volume function vol : PiC(7o(X) (g)^ R — > R descend to 
Picco (X)r — > R, that is, there is a weakly continuous and positively homoge- 
neous function 

toI' : pTcco (X)r R 
of degree d such that the following diagram is commutative: 




Picco {X)k. 

By abuse of notation, vol is also denoted by voL 

Proof. The first assertion follows from Theorem 13. 41 and Lemma |4~2l For the second as- 
sertion, let us consider the following claim: 

Claim 4.4.1. Every element of N can be written by a form 

0{fi)®Xi + ■■■ + 0{f r)®Xr 

for /i, . . . , fr S C°(X) and xi, . . . , € R with xifi + • • • + Xrfr = 0. 

Proof For cj = fi<S)Xi + --- + fr'®Xr G C°(X) (g)Q R, t^; e Ker(yu) if and only if 
xifi + • • • + Xrfr = 0, which proves the claim. □ 

Let I G PTcpo {X) (E)R, fi,...Jr e C°(X) and xi, . . . , G R with xifi H h 

Xrfr = 0. It is sufficient to show that 

to! (L + 0{fi) ® xi + • • • + ® Xr) = to1(L). 

Let us choose a sequence {Xn}^=i in with lim„^ooa;,i = (xi, . . . ,Xr)- Then, by 
Theorem l4.4l 

lim toI (L + ® a;„(l) + • • • + ® x„(r)) 

= wl (L + (g) Xi + • • • + 0{fr) ® x^) . 
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Since x„ e Q^, if we set 0„ = + • • • + x„(r)/r, then 

(8 x„(l) + • • • + Xnir) = Oicj)„). 

Note that 

||</'«||sup = ||(a;„(l) - Xi)fi H h (X„(r) - Xr)fr\\sup 

< |X„(1) - Xilll/illsup H h |x„(r) - Xrlll/rllsup- 

Thus lim„^oo H^nllsup = 0. On the other hand, by (1) of Proposition |4!6] 

|to1(I+O(0„)) < d||0„|l,upVol(LQ). 

Therefore, 

lim wl (L + ® x„(l) + • • • + ® x„(r)) 

= lim wl(L + ©((/)„)) =to1(I). 

n—^oo 

Thus we get (2). □ 

Example 4.5. Let K ^ Q{V2), Ok = ^V2] and X = SpeciOx)- Note that {a : 
K C} = {o-i, era}, where cri(V2) = ^ and (72(^2) = -%/2. Then C°(X) = 
the natural way. Moreover, the class number of if is 1 and the fundamental unit of K is 
•\/2+ 1. Thus, if we set u — (log(A/2 + 1), log(-\/2 — 1)), then we have an exact sequence 

^ Zw Picco(X) ^ 0, 

which yields the following commutative diagram: 











Picco(X)®zQ 



Picco(X)i 







0, 



where each horizontal sequence is exact. In particular, the canonical homomorphism 
Picco {X) Q — > PiC(7o (J'f)R is not injective. Moreover, it is easy to see that 

^un(\ X ^^ /A1 + A2 ifAi + A2 >0, 
vol(0(Ai,A2)) = <^ . 

I otherwise. 

The arithmetic volume function vol : ViC(ja{X)^ M has the following properties: 

Proposition 4.6. (1) For all L £ Picpo (X)r and f e C"{X), we have 

to1(L + 0(/)) < rf||/||,„pVol(LQ). 

(2) Let V : X' ^ X be a morphism of projective arithmetic varieties. Then there is 
a unique homomorphism v* : Picco (X)r — > Picco (X')r such that the following 
diagram is commutative: 



PiCco(X)i 



Picco(X') 



PiCco(X')l 



Moreover, ifv is birational, then vol(i^* (L)) = vol(L) for L G Picco {X\ 
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(3) Let Li, . . . , Lr, Ai, . . . , Ar' be C°°-hermitian Q-invertible sheaves on X. If we 
set L = (7r(Li), . . . , TT(Lr)) and A ~ {t:{Ai), . . . , TT{Ar')), then there is a posi- 
tive constant C depending only on X and Li, . . . , Lj-, Ai, . . . , Ar' such that 

\m\{a-L + d -A) -^\{a-L)\ < C|(a,5)|f"^|i|i 

for all a e W and S G W' . 

(4) Let V be a finite dimensional vector subspace o/Picpo (X)r and || • || « norm of 
V. Let K be a compact set in V. For any positive real number e, there are positive 
real number S and S' such that 

|vol(.T + a + 0{g)) - vol(x)| < e 

for all X G K, a G V and g G C"(X) with \\a\\ < S and H^Hsup < <5'. 

(5) Let {xn}^:^i ^ sequence in a finite dimensional vector subspace of ViCqq (X)r 
and {/njj^i a sequence in C°(X) such that {a;^}^^! converges to x in the usual 
topology and {fn}^=i converges uniformly to f. Then 

lim TOl {xn + 0{fn)) ^^\{x + Oif)) . 

(6) Let Li, . . . , Lr be Q-effective continuous hennitian Q-invertible sheaves on X. 
For (fli, . . . , ar), {a'l, . . . , a^) € M'" and h, h' G C°(X), ;/ a,; < (Vz) and 
h < h', then 

TOl(ai7r(Ii) + • • • arn(Lr) + 0{h)) < wl(a'i7r(Li) + • • • aXI^) + 0{h')). 



Proof. (1) It follows from (1) of Proposition 12 . 61 and Theorem |4.4| 

(2) Let /i, . . . , /r e C°(X) and xi, . . . , e M with xifi H h Xrfr = 0. Then 

and 

Xliy*ifl) H 1- XrV*{fr) = l^*ixifl H h Xrfr) = 0. 

This observation shows the first assertion. The second assertion is a consequence of (3) of 
Proposition l2.6l and Theorem l4.4l 

(3) It is implied by Theorem l3.2l and Theorem l4.4l 

(4) We can find a finite dimensional vector subspace W of Picpo {X) ®i Q such that 
V C t:(W (8)q R). Thus it follows from Theorem[3l1and Theoreml4l1 

(5) Let y be a vector space generated by {xn}^=i and 0{f). Note that V is finite 
dimensional and a;„ + 0{fn) ~ x + 0{f) + (x„ — x) + C(/„ — /). Thus, applying (4) 
to V, we can see (5) 

(6) This can be proved by (2) of Propo sition 1 2 . 7 1 and Theorem l4.4l □ 



5. Approximation of the arithmetic volume function 

Let X be a d-dimensional projective arithmetic variety. The purpose of this section is 
to prove the following theorem, which gives an approximation of the arithmetic volume 
function in term of /i". 

Theorem 5.1. Let M be a finitely generated "L-submodule o/Picpo {X). Let {^n}J^i be 
a sequence in M and {fn\'^=i o sequence in C'^{X) such that {An (8) l/^^j^i converges 
to A in M iSi^ in the usual topology and {/n/"-}5^Li converges uniformly to f. Then 
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Proof. Let Li, . . . , be a generator of AI such that Li, . . . , Lr {r < I) gives rise to 
a free basis of M/Mtor and that Lr+i, ■ ■ ■ ,Li are torsion elements of M. Here we set 
L = (Li, . . . ,Li). Let iV be a positive integer such that NL^+i = ■ ■ ■ = NLi ~ 0. Then 
we can find a„ € lI such that An = a„ • L and < a„(i) < for all i = r + 1, . . . , L 
By our assumption, for 1 < i < r, {a„(i)/n}5^]^ converges to G M. Thus, if we set 
a = (ai, . . . , flr, 0, . . . , 0), then lim„^oo a.n/n = a. Therefore, it is sufficient to show the 
following theorem. □ 

Theorem 5.2. Let {a>n}'^=i be a sequence in l) and {/n}5^i a sequence in C^{X) such 
that 

a~ lim a„/nGR' and lim || (/J^/?^) — /||sup = 

n — >oo n — >oo 

for some f G C^{X). Then, for a finite sequence L = {Li, . . . ,Li) in Picco (X), 

r fe°K-^+g(/n)) T^ntn^ 
^™ dJJ) = ■ ^ + ^(/))- 

Proof. First of all, let us see the following claim: 

Claim 5.2.1. We may assume that L is effective, that is, Li is effective for every i. 

Proof. We can find l[ > and l'- > with Li = l'^ — l'- . We set a', a'^ and L as 
follows: 

'a' = (a(l),...,a(0,-a(l),...,-a(0), 
< = (a„(l),...,a„(/),-a„(l),...,-a„(/)), 
= (Li, . . . , Li, Li, . . . , Li). 

Then a ■ L = a' ■ L , On ■ L = a'^ ■ L and lim„^oo aJi/"^ = a'- Thus the claim follows. □ 

Under the assumption that L is effective, we will prove this theorem in the following 
steps: 

Step 1. If X is generically smooth, / is C°° and L = {Li, . . . , L;) is a finite sequence of 

C°°-hermitian invertible sheaves on X, then the assertion of Theorem l5.2l holds. 
Step 2. If X is generically smooth, then the assertion of Theorem l5.2l holds. 
Step 3. If X is normal, then the assertion of Theorem l5.2l holds. 
Step 4. In general, Theorem l5.2l holds. 

Step 1: Let us begin with the following claim: 

Claim 5.2.2. Let L and A be C°° -hermitian invertible sheaves on X. Then there are 
positive constants C, D and ni depending only on L, A and X such that 

jh° {nL+ \ne]A) < h° (nT) + C\72e]n'^-^ + Dn'^-^ log(n) 
[h° {nT) < h° {nL - \ne]'J) + C\ne]n'^-^ + Dn'^-^ log(n) 

for all n £ Z and e G M with n > ni and < e < 1/2. 

Proof Note that if n > 2 and < e < 1/2, then n > (n/2) + 1 > [n/2] > \ne]. Thus 
the claim follows from Theorem ll.l.ll or |4j, Theorem 3.1]. □ 

First we consider the case where a G Z'. In this case, by ||2l, 

,„^ /,°(n(a.r.O(/))) ^^^ 

n-+oo n^/d! 
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For any < e < 1/2, there is a positive integer uq such that 

|a„ - iTa\i < ne and ||/„ - nf\\sup < ne 
for all n > no. Thus if we set 1 = (1, ... , 1), then 

na — \ne] 1 < On < na + \ne] 1 and nf — [ne] < /„ < nf + \ne \ , 

where the first inequality means that na{i) — \ne] < a„(i) < na{i) + \ne] for all i. 
Therefore, 

{nia ■ L + Oif)) - [nel (1 • I + 0(1))) < A" (a„ • L + 0(/„)) 

< (?i(a • I + Oif)) + \ne] (1 • I + 0(1))) . 

Thus, by Claim [572!2l there are constant C and D depending only on a • i + 0{f) and 
1 -1 + 0(1) such that 

h"{n{a -L + 0{f))) - C\ne']n'^~^ - Dn'^~Hog{n) < h"{an -L + 0{fn)) < 

W{n{a ■ L + 0{f))) + C\ne\n'^-^ + Dn'^-^ \og{n). 
for all n ^ 1. Thus, taking n ^ oo, we obtain the following: 

T^n(f\\ nA\ ■ /h°ian-L + OiU)) 

vol(a • L + 0(j)) — Gale < limmt j— 

n— >oo n / d\ 

fe°(a„-I + 0(/„)) ^ — 
< hmsup J— < volfa • L + ©(/j) + Cdle. 

Here e is arbitrary. Thus 

. ^ fc"(a„-Z + 0(/„)) /i°(a„-L + 0(/„)) ^ - 
limmi v— = limsup -r-—, = volla • L) 

which shows the case where a^TlI . 

Next we consider the case where a G Q'. Let be a positive integer with N ■ a E l) . 

Since lim UNn+k/n = Na and lim„_oo \\fNn+k/n - iV./||sup = for < fc < N, by 
using the previous case, we have 

h^{ar,n+k-L + 0{fNn+k)) ^ - - ^ 

n— >oo n"- 1 d'. 

On the other hand, 

h {UNn+k ■ L + 0{jNn+k )) ^. {Nn + k)'^h}'{aNn+k-L + 0{fNn+k)) 

nm Tl~i\ ~ 7] '/ , 

n— >oo n°- / d'. Tt^oo n'^ [Nn + k)"-/dl 

^j^d jjj^ h°iaNn+k ■ L + OjfNn+k)) 

{Nn + k)'^/d\ 

Thus we get 

^.^ "^^^^ =vd(a.L + 0(/)) 

n^oo (Ain + k)°-/d\ 

for all fc with < k < N, which proves the case where a E 

Finally we consider a general case. For e > 0, let us choose S = {6i, . . . ,Si),S' = 
{S[,...,d'i) e such that a + (J, a -d' € Q' and |<J|i, |<J'|i < e. If we set 

bn ^ an + i[nSi], . . . ,[ndi]) and = an - i[nd[], . . . ,[nS'i]), 
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< limsup ^ " ^ , = vol((a + 5) ■ L + 0{f)). 



then lim bn/n = a + S and lim b'^/n ~ a — 5' . Thus, using the previous case, we have 

n — >oo n — >oo 

a,,a-y,.r+w)) = ..„i„f^!«47^ 

n— >cx3 11 I CL\ 

< lim mf J— < lim sup j— 

h°{bn -L + {fn)) 

By (6) of Proposition l4.6l 

TOl((a - el) • L + < TOl((a - 5') ' ^ + ^(/)) 

and 

wl((a + 5)-L + 0{f)) < TOl((a + el) • L + 0(/)). 

Therefore, 

vol((a - el) . L + 0(/)) < limmf -^^^ 

< limsup ^°(«"--^+/^(/")) < + ,1) . i + 0{f)). 

Thus, taking e ^ and using the continuity of the volume function, we have 

vol a ■ L + O(f)) = limmf = limsup ttt; • 

Hence we get Step 1 . 

Step 2: It is sufficient to show the following inequality: 

(5.2.3) wl(a • L + 0{f)) - 2de(|a|i + 1) vol((a + 1) ■ Lq) 

. ^ fe°(a„-I + 0(/„)) fe°(a„-I + 0(/„)) 

< hm mf J— < lim sup j— 

n~^oo ■nf'-jdl n—>oo n'^ / d\ 

< TOl(a-I+0(/)) + 2de(|a|i + 1) vol((a + 1) • Lq) 

for any positive real number e. By Lemma [241 there are gi, . . . , gi, h E C'^(X) such that 
||5»llsup < e (z = 1, . . . , 0, \\h\Uup <e,f + his and that 

l' ^(Li+0{gi),...,Li + 0{gi)) 
is C°°. Then it is easy to see that 

an-L + 0{fn) + 0(-e(|a„|i + n)) < a„ • + 0(/„ + nh) 

<an-L + 0{fn) + 0(e(|a„|i + n)), 

which implies that 



h° (a„ • X + 0(/„) + 0(-e(|a„|i + ?i))) < h" (^a„ • L" + 0{fn + nh) ^ 

< /i" {an-L + 0{f„) + 0{e{\an\i+n))) . 

For each i, we choose an integer bi with a{i) < bi < a{i) + 1. Then there is a positive 
integer no such that a„(i) < nbi for all n > uq and i. Thus, if we set b = {bi, . . . , bi), 
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then On < nb for all n > no and b < a + 1 . Thus h^{an ■ Lq) < h^{nb ■ Lq) for n > uq. 
Hence, by using (3) of Proposition 2. 1], if we set 

P{n) = e(|a„|i + n)h''{nb ■ Lq) + Cm''-^ log(n) 

for some positive constant Ci , then 

(h°{an-T + 0(/„) + 0(e(|a„ li + n))) < h° (a„ • L + 0{fn)) + I3{n), 
\h° (a„ -I + OaO +0(-e(|a„|i +n))) > h" {a^ -L + 0{U)) - P{n) 
for n ^ 1. Thus, 

-/3(n) < (a„ • L + O(/,0) - /)" (a„ • + 0(/„ + n/i)) < p{n) 
for n ^ 1. Therefore, since 



lim 



TOl(a-i^ + C'(/ + /i)) (■.■Stepl), 



lim 4^ = de(|a|i + l)vol(6.LQ), 

vol(b ■ Lq) < vol((a + 1) • Lq), 
we have 

m\{a - if + 0{f + h)) - de{\a\i + l)vo\{{a + 1) ■ Lq) 

. /hPion^I + Oif^ fa°(a„.I + 0(/„)) 
< lim ml ^j— < lim sup 

<TOl(a-I^ + 0(/ + /i)) + de(|a|i + l)vol((a + l) - Lq). 
On the other hand, by (1) of Proposition l4.6l 

TOl(a -L^ + 0{f + h))- TOl(a • L + 

= TOl((a, 1) • (L, 0(/)) + 0(a • 5 + Z^)) - ^^l((a, 1) • (Z, 0(/))) 

< de(|a|i + 1) vol((a, 1) • (Lq, 0)) < de(|a|i + 1) vol((a + 1) • Lq). 
Hence (I5.2.3I I follows. 

Step 3: Let v : X' —* X a. generic resolution of singularities of X such that X' is 
normal. Then, since i^^Ox' = Ox, we have 

H\X,an- L) ^ H°{X' ,an- i^*{L)). 

Thus h^{an-L + 0{fn)) = /i°(a„ • v*(L) + 0(z/*(/„))). Therefore, by using Step 2 and 
(2) of Proposition |42] 

^. h\an-L + 0{ln)) ,. U>{an-v*(L) + 0{v*{fn))) 
lim = lim 



n'^/d\ 

Qi{a-v*(L)+0{i'*{f))) = ^l{a-L + 0{f)). 



Step 4: Let i' : X' ^ X he the normalization of X. It is sufficient to see that 

/i0(a„-L + O(/„)) /i"(a„-z.*(L)+0(i.* (/„))) 
iim ttt; = lim 



n'i/d^ 



nd/d^ 
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because, by using (2) of Proposition l4.6l and Step 3, the above equation implies that 
/i"(a„-L + 0(/„)) ^ ^.^^ fe"(a„.i.*(I) + 0(z.*(/„))) 

= TOl(a • V* (L) + 0{jy* (/))) = TOl(a • L + 0{f)). 
Since i/°(X,a„ ■ L) C H°{X',an ■v*{L)),^t have 

/i"(a„ •I + 0(/„)) < /i"(a„ • + (/„))). 

Thus 

^. . >0(a„-I + O(/„)) /i0(a„-I + O(/„)) 
lim mt J— < lim sup -f— 

rt^oo rr/d\ n^oo ■nrjal 

h°{a^-iy*(L) + 0{iy*{U))) 



< lim 

ri— »oo n'^/a'. 



Therefore, we need to show 



fc°(a„.^*(£) + 0(t/* (/«))) . , /i°(a„--L + 0(/„)) 
lim J— < lim mi j— . 

n— too n j d\ ri-+oo n" / d\ 

The proof of the above inequality is similar to one of 14] Theorem 4.3]. Let Jx' /x be 
the conductor ideal sheaf of X' X. Let H be an ample invertible sheaf on X' with 
H°{X', H (g) Ix' /x) 7^ 0. Let s be a non-zero element of H°{X', H (g) Ix' /x)- Let us 
choose a C°°-hermitian norm | • | of _ff with ||s||sup < 1- We set H = (H, | • |). 

Cla™5.2.4. lim ^"K ■ ^ ^m ' '^^^^^ 

n^oo n°- / d'. n^oo n°- / d\ 

Proof. We set 

'L' = (i.*(Ii),...,i/*(LO,i?), 
< = (a„(l),...,a„ (/),-!), 
^a' = (a(l),...,a(0,0). 

ThenOn • — H = a'„ ■ L and a' = lim a'„/n. By Step 3, 

n — *oo 

lim -7— = lim -f— 

ri-+oo n fdl n-^oo n / d\ 

= ^\{a' -t + 0{v*{f))) 
= ^\{a-v*{L) + 0{u*{m 

h°{a„-i^*{L)+0{iy*{fn))) 



= lim 



□ 



In the same way as in the proof of ID Theorem 4.3], we can see 
Image (iJ°(X',a„ • i^*{L) - H) ^ H°{X',an ■ iy*{L))^ C H'^{X,a„ -L). 
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Thus h°{an-iy*iL)-H + 0{iy*{fn))) < /i"(a„ •i + e'(/„)). Therefore, using the above 
claim, 

^. h°{an-iy*(L) + 0{u*{fr,))) ^. U'{a,,-v*{L)-H + 0[v*{fn))) 
lim J— = lim J— 

n— K30 ll"- / d\ n— »oo n"' I d\ 



< lim inf ■ 
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